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We describe how the reduced phase space quantization of the CGHS model of 2d black
hole formation allows one to calculate the backreaction up to any finite order in matter
loops. We then analyze the backreaction in the Hawking radiation up to two loops. At
one-loop order the Hawking temperature does not change, while at two-loop order the
temperature increases three times with respect to the classical value. We argue that
such a behavior is consistent with the behaviour of the operator quantization Hawking
flux for times which are not too late. For very late times the two-loop flux goes to zero
which indicates that the backreaction can stop the black hole evaporation.
Two-dimensional dilaton gravity models have turned out to be excellent toy
models of black hole formation and evaporation 1. The generic model is given by
S =
∫
M
d2x
√−ge−2φ[R+ α(∇φ)2 + U(φ)]− 1
2
∫
M
d2x
√−ge−2βφ(∇f)2 , (1)
where the 2d manifold M is topologically R2, gµν is a Lorenzian metric, R and
∇ are the corresponding curvature and covariant derivative, φ is the dilaton scalar
field, f is the matter scalar field and α and β are constants. The class of models
described by (1) is relevant for 4d black holes since a spherical matter collapse can
be described by a model (1) where α = 2, U(φ) = 2 exp(2φ) and β = 0 for null-dust
while β = 1 for minimally coupled scalar field. As far as the 2d black holes are
concerned, the most exetnsively studied model is the CGHS model 2, where α = 4,
U(φ) = 4λ2 = const. and β = 0. This model is classically solvable 2, which greatly
facilitates the computation of quantum properties 3,4,5.
The general solution for the CGHS model can be expressed in the Kruskal gauge
ρ = φ, where ρ is the conformal factor (ds2 = −e2ρdx+dx−), as
e−2ρ = e−2φ =M0 − λ2x+x− − F+ − F−
Fp =
∫ xp
−∞ dy(x
p − y)Tpp(y) , p ∈ {+,−}
Tpp =
1
2
(
∂f
∂xp
)2
f = f+ + f− , fp = 1√
2pi
∫∞
0
dk√
k
(apke
−ikxp + c.c.) .
(2)
When f− = 0, the solution (2) describes the collapse of left-moving matter which
forms a 2d black hole 2. The ADM mass of this black hole is given by M = M0 +
λ
∫∞
−∞ dx
+x+T++, while the position of the horizon is given by ∆ = λ
−2 ∫∞
−∞ dx
+T++.
It is clear from the form of the solution (2) that the independent dynamical
degrees of freedom are those of a free scalar field f . Therfore one can quantize
1
this model by promoting the scalar field into a hermitian operator acting on the
corresponding Fock space. Consequently the expressions in (2) can be taken as
operator valued, with an appropriate normal ordering in Tpp. From the point of view
of the canonical quantization, the operator expressions in (2) can be understood as
the Heisenberg picture operators in the reduced phase space quantization 3. The
physical Hilbert space can be written as H∗ = HM0 ⊗Hf , where HM0 is the Hilbert
space associated with a global degree of freedom M0 (mass of the f = 0 solution),
and Hf is the Fock space of the scalar field. Since the Hamiltonian operator H =
M0+
1
2
∫
dk|k|a†kak+ c0 is a Hermitian operator on H∗, the quantum evolution will
be unitary (c0 is a normal-ordering constant).
That this unitary quantum theory can describe evaporating black holes can
be seen by considering the time evolution of coherent states |ψ0〉 = exp(A(f0))|0〉,
where f0 is the initial classical matter distribution and |0〉 is the linear dilaton
vacuum 4. The quantum effective metric is then defined as ds2 = −〈e2φ〉dx+dx−,
which can be evaluated perturbatively as
〈e2φ〉 = e2φ0
∞∑
n=0
e2nφ0〈(δF )n〉 , (3)
where δF = F++F−−F0, e−2φ0 = −λ2x+x−−F0 and F0 is an arbitrary c-number
function. The expansion (3) gives quantum perturbative corrections for a classical
configuration e2φ0 , where n counts the matter loops. The expansion (3) is not
reliable in the strong-coupling region where e−2φ0 → 0. Also, the effective metric
makes sense only in regions where the fluctuations in the metric operator are small.
By taking F0 = 〈F 〉, the n = 0 term in (3) gives a one-loop effective conformal
factor 4
e−2ρ = e−2φ = C − λ2x+x− − (k/4) log | − λ2x+x−| − 1
2
∫ x+
−∞
dy(x+ − y)T 0++(y) ,
(4)
where k is a numerical constant. The solution (4) coincides with the BPP solution
obtained by solving a one-loop effective action equations of motion 6. The corre-
sponding geometry is well-defined in the weak-coupling region e−2φ0 > 0, and it
describes an evaporating black hole whose apparent horizon shrinks untill it inter-
sects the curvature singularity at (x+i , x
−
i ). The solution (4) can be continously ex-
tended in the region beyond the end-point (−∆ > x− > x−i ), where it takes a static
form (T++ = 0). Energy conservation then requires that C = k/4[log(k/4) − 1],
and a negative-energy shock-wave (thunderpop) is emitted. There is no Hawking
radiation in this region, which indicates some sort of static remnant end-state. In
the evaporating phase, the Hawking flux is the same as for the classical solution, so
that the Hawking temperature should be λ/2pi. This can be checked by evaluating
the Bogoliubov coefficients for the background geometry (4) 7. However, a compli-
cation arises, due to the fact that the position of the horizon is not well-defined,
since it is located in the strong-coupling region. The geometry of (4) suggests that
the classical horizon undergoes a small shift ∆ − |x−i | of the order ∆ exp(−M/λ).
In that case one can show that the late-time Bogoliubov coefficients give a non-
Planckian spectrum and the corresponding Hawking flux diverges. On the other
2
hand, if one assumes the opposite or no horizon shift, the Bogoliubov coefficients
give the standard Planckian spectrum, which agrees with the operator quantization
Hawking flux T = 〈Tσσ〉, where σ are the future null-infinity asymptotically flat
coordinates for the solution (4).
In the two-loop case, the effective conformal factor for a narrow matter pulse
centered around x+0 is given by
5
e2ρ = e2φ = e2φ0
[
1 + e4φ0
(
C− + C+(x+ − x+0 )2θ(x+ − x+0 )
)]
, (5)
where e−2φ0 is the one-loop solution (4), while C+ and C− are constants of motion.
The corresponding geometry is well-defined in the weak-coupling region e−2φ0 > 0,
and there are no naked singularities for C+ > 0, which happens for the matter
pulses wider than the 2d Planck length lP = λx
+
0 /K, where K is the momen-
tum cut-off used to regularize C+. If one in addition takes C− > 0, which is a
matter-independent constant, the corresponding geometry does not have a curva-
ture singularity.
These nice features of the two-loop geometry are reflected in the behaviour of
the corresponding Hawking flux T . When C+ > 0, T is everywhere finite and
continuous, and for not too-late times it is close to the classical Hawking flux. For
later times, T increases to a maximum positive value and then drops to a minimum
negative value, from which it goes to zero for x− = −∆. The total emitted energy is
positive and finite, of order ∆2/λC+. The behaviour of T suggests that for very late
times the black hole evaporation is non-thermal and goes to zero. The results of the
Bogoliubov coefficients analysis7 are qualitative the same as in the one-loop case, the
only difference is that the late-time Hawking temperature increases to 3λ/2pi, which
seems to be consistent with the late-time increase of the flux T . For very late times,
the Bogolibov coefficents results are not reliable, since the background geometry is
not well-defined in this region. However, the behaviour of the operator quantization
flux is in accord with the behaviour expected from general black hole considerations.
The two-loop results also indicate that higher-loop backreaction corrections can
remove the singularities associated with the lower-order approximations.
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